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Abstract
We develop and study Tate and complete cohomology theory in the category of sheaves ofOX-modules.
Different approaches are included. We study the properties of these theories and show their power in reflect-
ing the Gorensteinness of the underlying scheme. The connection of these two theories will be discussed.
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1. Introduction
In this paper we aim to verify if and how Tate and complete cohomology reflect or detect the
Gorensteinness of the underlying schemes. Tate cohomology goes back to the Tate’s observa-
tion [T] that the homology and cohomology groups of G, when G is a finite group, can be fit
together to form a single cohomology theory. This idea was generalized by Farrell to any group G
of finite virtual cohomological dimension and by Buchweitz to two sided noetherian Gorenstein
rings [Bu]. Recent expositions of Tate cohomology over noetherian rings can be found in [AM]
and [AS]. On the other hand, as an attempt for generalizing the theory to arbitrary groups, com-
plete cohomology was developed independently by Vogel [Goi] and Mislin [Mis]. Benson and
Carlson [BC] also constructed a theory isomorphic to that of Vogel and that of Mislin. The al-
ternative approach to the theory via injectives and a comparison of two theories is considered
in [N].
The power of these theories in reflecting the Gorensteinness of the underlying ring, in module
categories over commutative noetherian rings, is already established, see, e.g. [AV, Section 6],
where they show that (R,m, k) is Gorenstein (respectively, regular) if complete cohomology of
k is finitely generated (respectively, zero) for one single integer n. Several authors also have
studied these theories in different abelian categories. For example, Krause [K] develop a Tate
cohomology over a separated noetherian scheme, using the left adjoint functor of the inclusion
functor i from the homotopy category of totally acyclic complexes of injectives to the homotopy
category of injectives, see [K, Lemma 7.3].
Our approach in this paper, is based on the explicit description of these theories over schemes.
We show that these theories can be defined and, as their prototypes in module theories, can de-
scribe some properties of schemes. Tate cohomology sheaves, Êxt, are defined using the notion
of totally reflexive sheave, which is an analogue of a module in Auslander’s G-class [ABr].
These sheaves are, in fact, syzygies of acyclic complexes of locally free sheaves of finite ranks,
which remain exact under dualization. These complexes will be called totally acyclic. Locally
free sheaves of finite rank are totally reflexive, as well as sheaves associated to modules in Aus-
lander’s G-class over a noetherian affine scheme X = Spec(R). Over locally Gorenstein schemes,
schemes whose their local rings are all Gorenstein rings, totally reflexive sheaves are locally
Cohen–Macaulay ones. Furthermore, over projective schemes these sheaves are syzygies of a
Hom( ,OX)-exact exact sequence of dissocié sheaves. Now, let F be an OX-module such that
one of its syzygies, say Ω , is totally reflexive. Let T • be the totally acyclic complex related
to Ω . Then, for each n ∈ Z and each OX-module F ′ that admits a locally free resolution, a Tate
2628 J. Asadollahi et al. / Journal of Algebra 319 (2008) 2626–2651cohomology sheaf is defined by the equality Êxtn(F ,F ′) = H−nHom(T •,F ′). We show that
this definition is independent of the choice of T • and that this theory shares basic properties with
ordinary cohomology theory.
Complete cohomology, assigns to each pair (F ,G) of OX-modules sheaves E˜xtn(F ,G),
n ∈ Z, see Section 4.2 below. This assignment gives us a bifunctor from Mod(X) to itself which
is covariant in F and contravariant in G. It is shown that vanishing of these cohomology sheaves
characterize sheaves of finite locally injective dimension: an OX-module G is of finite locally
injective dimension, denoted lidG < ∞, if there exists a cover of X by open sets U such that
G|U is of finite injective dimension as OX|U -module. We show that an OX-module G is of finite
locally injective dimension if and only if E˜xt0(G,G) = 0. This provides a cohomological criteria
for the Gorensteinness of the locally noetherian schemes: a locally noetherian scheme X of fi-
nite dimension is locally Gorenstein if and only if E˜xt0Q(X)(OX,OX) = 0, which is equivalent to
say that E˜xtiQ(X)( ,OX) = 0, for all integers i. The subscript Q(X) emphasize that Ext sheaves
are computed in Qco(X), the category of quasi-coherent sheaves of OX-modules. As another
criteria, we show that locally noetherian scheme X of dimension d is locally Gorenstein if for
all coherent sheaves F and G and for a single integer n, the cohomology sheaf E˜xtn(F ,G) is
coherent. These results show that complete cohomology theory is a powerful tool in study the
property of the underlying schemes.
2. Totally reflexive sheaves
We begin this section by recalling the notion of totally reflexive modules, that are prototype
for the definition of totally reflexive sheaves. Let A be a commutative noetherian ring. An exact
sequence
T •: · · · → Tn+1 → Tn → Tn−1 → ·· ·
of finitely generated projective A-modules is called totally acyclic if the dual complex
HomA(T •,A) is exact. A finitely generated A-module G is called totally reflexive if it is isomor-
phic to a kernel of a totally acyclic complex. It is easy to check that G is totally reflexive if it is
reflexive and, in addition,




, for all n > 0.
The class of totally reflexive A-modules will be denoted by G(A). Using the modules in G(A),
Auslander introduced an invariant for any finitely generated A-module M , called Gorenstein
dimension (G-dimension for short), denoted G-dimA M . It is finite for all finite modules over a
Gorenstein ring [Got]. Moreover, it is finer than projective dimension and we have equality when
projective dimension is finite. For more details see [ABr].
Definition 2.1. Let (X,OX) be a ringed space. An exact complex L•,
L•: · · · → Ln+1 → Ln → Ln−1 → ·· ·
of locally free OX-modules of finite ranks is called totally acyclic if for any locally free OX-
module L′ the complex Hom(L•,L′) is also exact.
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For any ringed space X the class of totally reflexive OX-modules will be denoted by G(X). It
is clear that G(X) contains all locally free sheaves of finite rank.
2.1. Examples and descriptions
In this subsection, we give some examples of totally reflexive sheaves and present some de-
scriptions for these sheaves. We begin by a lemma.
Lemma 2.1.1. Let (X,OX) be a ringed space. Let
L•: · · · → Ln+1 → Ln → Ln−1 → ·· ·
be an exact complex of locally free OX-modules of finite rank. Assume that HomOX(L•,OX) is
exact. Then, for any locally free OX-module L′ the complex HomOX(L•,L′) is also exact.
Proof. Let L′ be a locally free sheaf of finite rank. Let x be an arbitrary element of X. So
there exists a neighborhood V of x such that L′|V is a free OX|V -module. So the complex
HomOX(L•,L′)|V is exact. This implies that HomOX(L•,L′)x is exact. Since x was arbitrary,
the result follows. 
Example 2.1.2. Over noetherian affine schemes, totally reflexive sheaves correspond exactly to
totally reflexive modules. This follows from the fact that for any noetherian ring A and any
A-module N , the map N → N˜ gives an exact functor from the category of A-modules to the
category of OX-modules that commutes with arbitrary direct sums, where N˜ denote the sheaf
associated to N on X = SpecA (see [H, II.5.2]).
Example 2.1.3. Let G be a finite cyclic group of order n with generator t . Let N denote the norm
element 1 + t + t2 + · · · + tn−1 of ZG. It is known that there is a periodic resolution of period 2
· · · ZG α ZG  ZG α ZG  ZG · · · ,
where Z = Ker(ZG α→ ZG), α(g) = (t − 1)g and (g) = Ng, for all g ∈ ZG, see e.g. [Br, I.6].
Now, let X be a topological space. Give G and ZG the discrete topology and for any open
set U ⊆ X, let OX(U) be the ring of continuous maps of U into ZG. Then clearly OX , with the
usual restriction map, is a sheaf of rings. Now let F be the constant sheaf on X determined by Z.
Hence with the trivial G-action, F is an OX-module. We show that it is totally reflexive. The
maps in the above periodic resolution induce morphisms of sheaves OX k→OX and OX l→OX ,
where for any open set U of X, k(U) :OX(U) → OX(U) is defined by k(U)(f ) =  ◦ f and
l(U) :OX(U) →OX(U) is defined by l(U)(f ) = α ◦ f .
As a result we get an exact sequence
O•: · · · OX l OX k OX l OX k OX · · ·
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from the fact that O•∨ is isomorphic to O• shifted one degree. Hence O• is a totally acyclic
complex. Now, it is not difficult to see that F ∼= Ker(OX k→OX). Hence F is a totally reflexive
OX-module.
Example 2.1.4. Let S be a graded noetherian ring which is finitely generated by S1 as an
S0-algebra. Let M be a graded totally reflexive S-module, then one can check that M˜ is totally
reflexive.
Remark 2.1.5. The notion of a totally reflexive sheaf over a scheme can be defined locally by
saying if a scheme has a covering by open affines on which Definition 2.1 is satisfied. Then to be
sure we have got the right notion, one should prove that it is equivalent to say ‘there exists an open
affine cover’ or ‘for every open affine cover.’ Of course this can be done, but for our purposes in
Section 3, this definition does not work. So we prefer to work with the above definition.
Proposition 2.1.6. Let X be a noetherian scheme and let L• be a complex of coherent
OX-modules. Assume that for all x ∈ X, L•x is a totally acyclic complex of Ox -modules. Then L•
is totally acyclic.
Proof. Since for any integer i, (L•x)i is free of finite rank, we may deduce that each Li is locally
free of finite rank. The exactness of the complex L• and its dual Hom(L•,OX), follows from
the exactness of their stalks. So by Lemma 2.1.1, we are done. 
As in the module case, totally reflexive sheaves can be characterized in term of the vanishing
of ‘Ext’ sheaves. We leave the easy proof of the following proposition, to the reader. Throughout,
F∨ =Hom(F ,OX) denotes the dual of F .
Proposition 2.1.7. Let (X,OX) be a noetherian scheme. Then anOX-moduleF belongs to G(X)
if and only if it satisfies the following conditions:
(i) F is reflexive.
(ii) Exti (F ,OX) = 0 = Exti (F∨,OX), for all i > 0.
(iii) F and F∨ have resolutions by locally free OX-modules of finite rank.
The following corollary follows from the above two propositions.
Corollary 2.1.8. Let X be a noetherian scheme and F be an OX-module such that both F and
F∨ admit locally free resolutions of finite ranks. Then F is in G(X) if and only if for all x ∈ X,
Fx is a totally reflexive Ox -module.
Remark 2.1.9. Let X be a projective scheme over a noetherian ring A. Then any totally reflexive
sheaf G is a syzygy of a Hom( ,OX)-exact exact sequence of dissocié sheaves. To see this,
by [H, II.5.18] G and G∨ admit resolutions L• and L′ • by dissocié sheaves, respectively. Then
paste resolutions L• and L′ •∨ together. The exactness of the resulting complex and its dual
follows from Proposition 2.1.7.
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OX-modules. We say that Coh(X) has enough locally free sheaves if every coherent sheaf on X
is a quotient of a locally free sheaf (of finite rank). For instance, it is proved by Kleiman that this
is the case when X is a noetherian, integral, separated, locally factorial scheme (see [Bo]).
Example 2.1.10. In this example we show that if Coh(X) has enough locally free sheaves, where
X is a locally Gorenstein scheme, then totally reflexive sheaves are precisely locally Cohen–
Macaulay ones. To see this, let F be a locally CM sheaf on such a scheme. Let x ∈ X be such
that Fx = 0. Since Ox is Gorenstein, G-dimOx Fx is finite. So it satisfies the Auslander–Bridger
formula, that is
G-dimOx Fx = depthOx − depthFx.
But since F is locally CM, depthFx = dimOx . Hence G-dimOx Fx = 0, for all x ∈ X. So, by
the above corollary, F ∈ G(X).
2.1.11. We recall that a class X of objects of a category C is projectively resolving if X is closed
under extensions and under kernel of epimorphisms. Assume that X is a noetherian scheme
such that Coh(X) has enough locally free sheaves. Then the subcategory G(X) is projectively
resolving. To see this, let 0 →K→F → G → 0 be an exact sequence of coherent sheaves such
that G ∈ G(X). We assume that one of K or F is in G(X) and show that the other also is in
G(X). Since Ext1(G,OX) = 0, the sequence 0 → G∨ → F∨ →K∨ → 0 is exact. Applying the








0 K∨∨ F∨∨ G∨∨.
By assumption μG and one of μK or μF are isomorphisms. Hence for any x ∈ X, (μG)x and one
of (μK)x or (μF )x are isomorphisms. Five lemma implies that the other one is isomorphism, for
any x ∈ X. Hence the map itself is isomorphism. The vanishing of Ext follows easily from the
long exact sequence of cohomology sheaves. Hence in view of Proposition 2.1.7 we are done.
2.1.12. Let X be a locally Gorenstein scheme of finite dimension. Then any exact sequence
L•: · · · → L1 → L0 → L−1 → ·· ·
of locally free OX-modules of finite rank is totally acyclic. To see this, in view of Lemma 2.1.1,
we just need to prove that L• is Hom( ,OX)-exact. To this end, we show that the stalks of the
complex Hom(L•,OX), at any x ∈ X, are exact. So let x ∈ X and consider the complex
· · · →Hom(L−1,OX)x →Hom(L0,OX)x →Hom(L1,OX)x → ·· · .
Since Li for any integer i is of finite rank, this complex is isomorphic to the complex
· · · → HomOx (L−1x,Ox) → HomOx (L0x,Ox) → HomOx (L1x,Ox) → ·· ·
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implies that the localized complex and hence the complex Hom(L•,OX)x is exact.
Remark 2.1.13. It is known that on a normal variety, locally free sheaves of rank 1 correspond
to Cartier divisors and reflexive sheaves of rank 1 correspond to Weil divisors. A question that is
posed by David A. Cox is that: Where do totally reflexive sheaves of rank 1 fit into this picture?
Remark 2.1.14. Theory of sheaves of modules over schemes has many features in common with
the topological bundles. In this remark, we use this correspondence to study G(X), for the ringed
space (X,Otop), when sp(X) is a compact space.
Recall that a vector bundle over a ringed space X is a locally free OX-module of finite rank.
Now fix a topological space X and consider the ringed space (X,Otop), where Otop is the sheaf
of real valued continuous functions on X. It is known that there is an equivalence between the
category of vector bundles over the ringed space (X,Otop), i.e. locally free Otop-modules, and
the category VB(X) of real topological vector bundles over X. Now if one consider an exact
sequence of vector bundles over a space X, since the kernel of morphisms between vector bundles
are also vector bundles, all its syzygies are again vector bundles over X. This fact, in view of the
above mentioned equivalence of categories, implies that G(X) is equal to the set of all locally
free sheaves of finite ranks.
On the other hand, if X is compact, Swan’s theorem establish an equivalence of categories
between the category of vector bundles over a space X and the category of finitely generated
projective modules over C(X), the ring of continuous functions on X. So every finitely generated
Gorenstein projective module over C(X) is projective.
2.2. Gorenstein homological dimension
Let X be a noetherian scheme and F be a coherent sheaf. Assume that F has a locally free
resolution of finite rank. In this case, one can define the homological dimension of F , denoted
hd(F), to be the least length of a locally free resolution of F (or +∞ if there is no finite one).
Using the notion of totally reflexive sheaves, we are able to introduce a refinement of this invari-
ant.
Definition 2.2.1. Let (X,OX) be a noetherian scheme and F = 0 be an OX-module admitting
a locally free resolution of finite rank. We say that Gorenstein homological dimension of F is
zero, denoted GhdF = 0, if F ∈ G(X). We set GhdF = n, if n is the smallest integer such that
the nth syzygy of a locally free resolution of F belongs to G(X). We set GhdF = ∞, if such a
resolution does not exist. In the case F = 0, we set GhdF = −∞.
Proposition 2.2.2. Assume that X is a noetherian scheme of finite dimension n and F is an
OX-module admitting a locally free resolution of finite rank. Then there is an inequality GhdF 
hdF , with equality when hdF < ∞.
Proof. It is clear that GhdF  hdF . Assume that hdF < ∞. To establish the equality, we
use induction on GhdF . Let GhdF = 0. Consider the short exact sequence 0 → F → L0 →
K0 → 0, in which L0 is locally free and GhdK0 = 0. The long exact sequence of ‘Ext’
sheaves arising from this short exact sequence implies that Extj (F ,G) ∼= Extj+1(K0,G), for all
G ∈ Mod(X) and all j ∈ N. On the other hand, by the same short exact sequence
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sider now the exact sequences 0 →Ki → Li+1 →Ki+1 → 0, i  0, where Li+1 is locally free
and hdKi+1  n, and apply the functor Hom( ,G) on them to get
Extj (F ,G) ∼= Extn+j (Kn−1,G).
But since hdKn−1  n, we deduce from the above isomorphisms that Extj (F ,G) = 0, for all
j > 0 and all G ∈ Mod(X). This implies that hdF = 0. Now suppose, inductively, that GhdF =
g > 1. Consider the short exact sequence 0 →K→ L→F → 0, in which L is locally free and
GhdK = g − 1. By induction assumption, we get hdK = g − 1. Hence hdF  g. So we have
equality. 
Theorem 2.2.3. Let X be a locally Gorenstein scheme of finite dimension. Assume that Coh(X)
has enough locally frees. Then any coherent sheaf F is of finite Gorenstein homological dimen-
sion.
Proof. Let dimX = n. Since X is locally Gorenstein, Ox , for any x ∈ X, is a Gorenstein local
ring and so by [ABr, 4.20], Gorenstein dimension of any module over such ring is finite. Hence
if F is a coherent sheaf, for any x ∈ X, we have G-dimOx Fx  dimOx  dimX. So all stalks
of the nth syzygy of F are in Auslander’s G-class. This, in view of Corollary 2.1.8, implies that
the nth syzygy itself is in G(X) and so GhdF < ∞. 
One can easily check that an affine scheme X is locally Gorenstein if and only if for any
coherent sheaf F , GhdF < ∞. This can be seen, using the faithfully exact functor ∼.
Proposition 2.2.4. Let X = ProjS, where S is a graded ring which is finitely generated by S1 as
an S0-algebra. Let F be a coherent sheaf with GhdF = g < ∞. Then GhdF(n)  g, for any
n ∈ N.
Proof. We argue by induction on g. Assume that g = 0. It is plain that F(n) is reflexive
and both F(n) and F(n)∨ have resolutions by locally free sheaves of finite ranks, in fact, by
dissocié sheaves. Let L• → F be a locally free resolution of F . Then L•(n) → F(n) is a
locally free resolution of F(n) and we have Hom(L•(n),OX) ∼= Hom(L•,OX) ⊗ OX(−n).
But since Exti (F ,OX) = 0, for all i > 0 and OX(−n) is flat on X, we may deduce that
Exti (F(n),OX) = 0, for all i > 0. Similarly, we can show that Exti (F(n)∨,OX) = 0, for all
i > 0. Hence by 2.1.7, GhdF(n) = 0. The inductive step, now can be completed easily. 
We recall that a closed subscheme X of Pnk , k an algebraically closed field, is called arith-
metically Gorenstein (AG) if its homogeneous coordinate ring S(X) = k[x0, . . . , xn]/IX is a
Gorenstein ring.
Theorem 2.2.5. Let X be an AG scheme with dimS(X) = d . Then any coherent OX-module F
is of finite Gorenstein homological dimension.
Proof. Let F be a coherentOX-module. Let M be the finitely generated submodule of Γ∗F gen-
erated by the finite number of global sections in Γ (X,F(n)) that generate F(n), see [H, II.5.17].
2634 J. Asadollahi et al. / Journal of Algebra 319 (2008) 2626–2651Then F ∼= M˜ . Since S = S(X) is Gorenstein of dimension d , G-dimS M  d . So there is an exact
sequence
0 → L →
⊕
n
S(n)βdn → ·· · →
⊕
n
S(n)β0n → M → 0,
in which L is in Auslander’s G-class. Hence, by Example 2.1.4, the sheaf associated to L, L˜, is
totally reflexive. This implies the result. 
Let X be a noetherian scheme and Coh(X) has enough locally frees. Let F be a coherent
sheaf of finite Gorenstein homological dimension. It is easy to see that in this situation, GhdF =
supx∈X G-dimOx Fx .
2.2.6. Let GhdF < ∞. Then
GhdF = sup{i ∈ N0 ∣∣ Exti (F ,L) = 0 for some locally free sheaf L of finite rank},
= sup{i ∈ N0 ∣∣ Exti (F ,OX) = 0}.
Proposition 2.2.7. Let X be a noetherian scheme such that Coh(X) has enough locally frees. Let
F be a coherent sheaf on X. Then F is of finite Gorenstein homological dimension, say g, if and
only if Ker ∂g in any resolution of F by totally reflexive modules
G•: · · · → Gi ∂i→ Gi−1 → ·· · → G1 ∂1→ G0 →F → 0
is totally reflexive. In particular, the nth syzygy, n  g, of any locally free resolution of F is
totally reflexive.
Proof. The ‘if’ part is easy. For the ‘only if’ part, assume that n  g and set G := Ker ∂n. By
[AM], for any x ∈ X, Gx ∈ G(Ox). So by Corollary 2.1.8, G ∈ G(X). 
3. Tate cohomology sheaves over noetherian schemes
3.1. Tate cohomology
Let X be a noetherian scheme and F be an OX-module of finite Gorenstein homological
dimension, say g. Consider a locally free resolution
· · · → Lg+1 → Lg → Lg−1 → Lg−2 → ·· · → L1 → L0 →F → 0
of F , where as usual Li ’s are of finite rank, and G = Ker(Lg−1 → Lg−2) belongs to G(X).
Hence there exists a Hom( ,OX)-exact exact sequence
T •: · · · → Tg+2 → Tg+1 → Tg → Tg−1 → ·· · → T1 → T0 → T−1 → ·· ·
of locally free sheaves of finite rank such that G = Ker(Tg−1 → Tg−2). We always may choose
Ti to be equal to Li , for i  g. In this case, we call T • a complete resolution of F .
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define a Tate cohomology sheaf of F and F ′ by the equality
Êxtn(F ,F ′) =H−nHom
(T •,F ′).
A natural question now is that whether this definition is independent of the choice of T •. In the
following we establish this fact.
It follows from the construction that for i > g, we can choose Ti to be equal to Li . This in
view of [H, III.6.5], implies that for each i > g, we always have
Êxti (F , ) = Exti (F , ).
Hence for i > g, Tate cohomology sheaves are well defined. Now let i be an arbitrary integer.
Since F ′ has a locally free resolution we may consider a short exact sequence
0 →K0 → L′0 →F ′ → 0,
in which L′0 is a locally free OX-module. Since Ti is locally free, the functor Hom(Ti , ) is exact.
So we get a short exact sequence of complexes
0 →Hom(T •,K0)→Hom(T •,L′0
)→Hom(T •,F ′)→ 0.
The associated long exact sequence of cohomology groups, in view of the fact that the middle
complex is acyclic, gives the isomorphism
Êxti (F ,F ′) ∼= Êxti+1(F ,K0).
By continuing in this way, considering the short exact sequences
0 →Kj → L′j →Kj−1 → 0
and following the same argument, we get the isomorphisms
Êxti (F ,F ′) ∼= Êxti+j (F ,Kj−1).
But for j large enough, such that i + j > g, we have
Êxti+j (F ,Kj−1) ∼= Exti+j (F ,Kj−1).
And so
Êxti (F ,F ′) ∼= Exti+j (F ,Kj−1).
This means that if we have been started with any totally acyclic complex T ′ such that G is a
kernel of it, we would get the same cohomology sheaves. In fact, we have shown that these
cohomology sheaves are independent of the choice of complete resolutions of F .
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Êxtn(F , ) :L(OX) → Mod(X) is a covariant functor, where L(OX) denotes the full subcate-
gory of Mod(X) whose objects admit locally free resolution.
Following corollary is an easy consequence of the above discussion.
Corollary 3.1.1. Assume that X is a noetherian scheme, that GhdF < ∞ and that F ′ is a
coherent sheaf admitting a locally free resolution. Then Êxtn(F ,F ′) is coherent, for all n ∈ Z.
Following lemma can be proved by induction on the homological dimension of F . So we omit
the proof.
Lemma 3.1.2. Let
T •: · · · → T2 → T1 → T0 → T−1 → T−2 → ·· ·
be a totally acyclic complex. Then for any coherent sheaf F of finite homological dimension the
complex Hom(T •,F) is exact.
Proposition 3.1.3. Let X be a noetherian scheme and F be a coherent sheaf with hdF < ∞.
Then
Êxtn(F , ) = 0 = Êxtn( ,F).
Proof. Since hdF = h < ∞, we may choose a locally free resolution of F of length h. So T
can be chosen to be the zero complex. Hence Êxtn(F , ) = 0. The vanishing of Êxtn( ,F) follows
from the above lemma. 
Using standard techniques in homological algebra, one can prove the following result.
Proposition 3.1.4. Let X be a noetherian scheme. Let F be an OX-module of finite Gorenstein
homological dimension and 0 →K→K′ →K′′ → 0 be a short exact sequence of OX-modules
having locally free resolutions. Then there is a long exact sequence
· · · Êxtn(F ,K) Êxtn(F ,K′) Êxtn(F ,K′′)
Êxtn+1(F ,K) Êxtn+1(F ,K′) · · ·
of Tate cohomology sheaves.
We need the notion of Tate cohomology ÊxtR for modules in our next result. So let us quote
its definition from [AM]. Let M be a finite R-module of finite G-dimension. Choose a complete
resolution T of M [AM, 3.1]. By this we mean a Hom( ,R)-exact exact sequence of projectives
such that for i  0, it coincides with a projective resolution of M . Then, for each R-module N
and for each n ∈ Z, we define a Tate cohomology group by the equality
ÊxtnR(M,N) = H−n HomR(T,N).
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Gorenstein homological dimension. Then for any sheaf F ′ that admits a locally free resolution





Proof. Let T • be a complete resolution of F . So T •x , for any x ∈ X, is a complete resolution of
the Ox -module Fx . Since Ti , for any integer i, is of finite rank, Hom(T •,F ′)x ∼= Hom(T •x ,F ′x).
The result now follows. 
Theorem 3.1.6. Let X be a noetherian scheme of finite dimension. Let F be an OX-module of
finite Gorenstein homological dimension. Then the following are equivalent.
(i) hdF < ∞.
(ii) Êxtn(F , ) = 0, for some n ∈ Z.
(iii) Êxtn(F , ) = 0, for all n ∈ Z.
(iv) Êxtn( ,F) = 0, for some n ∈ Z.
(v) Êxtn( ,F) = 0, for all n ∈ Z.
(vi) Êxt0(F ,F) = 0.
Proof. In view of the previous results we just need to prove the implication (vi) ⇒ (i). So assume
that Êxt0(F ,F) = 0. It follows from the above proposition that for any x ∈ X, Êxt0(Fx,Fx) = 0.
So, by [AM, 5.9], pdOx Fx < ∞, for any x ∈ X. The result now follows from the equality hdF =
supx pdOx Fx . 
Remark 3.1.7. The notion of Tate resolutions over an exterior algebra E is studied in
[EFS, Section 4], as a part of the BGG correspondence, where coherent sheaves on Pn are rep-
resented by infinite exact sequences over an exterior algebra E. Since E is both projective and
injective over itself, these Tate resolutions are totally acyclic and are uniquely determined by any
of their kernels. But the way that this paper relates to the Tate resolutions is completely different
with their point of view.
3.2. Alternative approach
We begin this subsection by recalling the notion of orthogonality. Let (X,OX) be a scheme.
For any class Θ of OX-modules, we let Θ⊥ denote the set of OX-modules orthogonal to Θ with
respect to Ext1. Hence
Θ⊥ = {F ′ ∈ Mod(X) ∣∣ Ext1(F ,F ′) = 0 for all F ∈ Θ}.
Definition 3.2.1. Let X be a noetherian scheme and K be an OX-module. By a (Coh(X)⊥-)
complete coresolution of K we mean an exact complex
T •: · · · → T2 → T1 → T0 → T−1 → T−2 → ·· ·
of modules in Coh(X)⊥ such that for i  0 it is coincide with an injective resolution of K.
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the category of quasi-coherent sheaves of OX-modules on X, are in Coh(X)⊥. In particular
sheaves whose their stalks are injective are in Coh(X)⊥.
Example 3.2.2. Let L• be a complete resolution of F and I be an arbitrary injective sheaf. Then
Hom(L•,I) is a complete coresolution of Hom(F ,I).
The idea of the following construction is taken from [GG, 4.1].
Proposition 3.2.3. Let X be a locally Gorenstein scheme of dimension d . LetK be anOX-module
admitting a locally free resolution. Then K has a complete coresolution.
Proof. Let
· · · → L2 → L1 → L0 →K→ 0
be a locally free resolution of K. Let E• and E•i denote the injective resolution of K and Li ,
respectively. So we get a commutative diagram
· · · L2 L1 L0 K 0
· · · E•2 E•1 E•0 E• 0.
From this diagram we get an exact sequence
Ω•: · · · → ΩdL2 → ΩdL1 → ΩdL0 → Ed → Ed+1 → Ed+2 → ·· · ,
in which ΩdLi , for any integer i, denotes the sheaf Im(Ed−1i → Edi ). We claim that this resolu-
tion is a complete coresolution of K. To prove the claim, we have to show that for any coherent
sheaf F and any integer j  0, Exti (F ,ΩdLj ) = 0, for all i > 0. Consider the resolution
0 → Lj → E0j → E1j → ·· · → Ed−1j → ΩdLj → 0,
in which E ij ’s are injective. Let F be a coherent sheaf. By breaking up this sequence and applying
the functor Ext(F , ) on these short exact sequences, we get a series of isomorphisms
Exti(F ,ΩdLj )∼= Exti+1(F ,Ωd−1Lj )∼= · · · ∼= Extd+i (F ,Lj ).
Let x ∈ X. Since F is coherent, by [H, III.6.8], (Extd+i (F ,Lj ))x ∼= Extd+iOx (Fx, (Lj )x). But
since X is a locally Gorenstein scheme of dimension d , Ox is a Gorenstein ring of Krull dimen-
sion less than or equal to d . Moreover (Lj )x is a free Ox -module and so it is of finite injective
dimension. Hence Extd+iOx (Fx, (Lj )x) = 0. This implies the result. 
Example 3.2.4. By the above proposition, any sheaf over an affine scheme X = Spec(A), where
A is a Gorenstein ring of finite dimension, admit a complete coresolution.
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coherent sheaf F on X admits a resolution by dissocié sheaves. So, one can apply the same argu-
ment as in the proof of the above proposition, to deduce that F admits a complete coresolution.
We just need to explain the fact that the d th cosyzygy of any injective coresolution of OX(n) be-
longs to Coh(X)⊥, where d = dimS(X). To see this, let F be an arbitrary coherent sheaf over X.
Since OX(n) is locally free and for any integer i  0,
Exti(F ,OX(n))∼= Exti (F ,OX)⊗OX(n),
it is enough to prove the claim for the d th cosyzygy of an injective coresolution of OX . So let
0 →OX → I0 ∂
0→ I1 → ·· · → Id−1 ∂d−1→ Id → ·· ·
be an injective coresolution of OX . For i > 0, set Li := Coker ∂i−1. So we get short exact se-
quences
0 → Li−1 → I i−1 → Li → 0.
Here L0 = OX . By applying the functor Ext(F , ) on these sequences we get Ext1(F ,Ld) ∼=
Extd+1(F ,OX). But by Theorem 2.2.5, GhdF  d and hence Extd+1(F ,OX) = 0. Therefore
Ld ∈ Coh(X)⊥.
Remark 3.2.6. Let F be an OX-module in G(X). So there exists a short exact sequence 0 →
F → L→ F ′ → 0, where L is locally free and F ′ ∈ G(X). But complete resolution of F and
complete resolution of F ′ are the same up to shifting by 1. So for any OX-module K and any
integer i, we have
Êxti (F ,K) ∼= Êxti+1(F ′,K).
We use this fact in the proof of our next theorem.
Lemma 3.2.7. Let F be an OX-module of finite Gorenstein homological dimension. Then there
exists a short exact sequence
0 →F ′ → L→F → 0
of OX-modules such that L is locally free and
Êxti (F ′,K) ∼= Êxti+1(F ,K).
Proof. Since GhdF = g < ∞, there exists a locally free resolution
· · · → Lg → Lg−1 → Lg−2 → ·· · → L1 → L0 →F → 0
of F such that G = Ker(Lg−1 → Lg−2) ∈ G(X). Let T • be a totally acyclic complex related
to F . Set F ′ = Ker(L0 → F). So we get a short exact sequence 0 → F ′ → L0 →F → 0, such
that GhdF ′ = g−1. But in this situation, Σ−1T •, which is the shifting of T • one step to the left,
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of F ′. Hence
Êxti (F ′,K) ∼=H−iHom
(
Σ−1T •,K)∼=H−i−1Hom(T •,K)∼= Êxti+1(F ,K). 
Theorem 3.2.8. Let X be a noetherian scheme and let K be an OX-module admitting a com-
plete coresolution T •. Then for any OX-module F of finite Gorenstein homological dimension,
Êxti (F ,K) =H−iHom(F ,T •).
Proof. Let T •: · · · → T2 → T1 → T0 → T−1 → T−2 → ·· · be an arbitrary complete coresolu-
tion of K and n be an integer such that for i < n, T • is compatible with an injective resolution
of K. Hence for i > n, Êxti (F ,K) = Exti (F ,K) ∼=H−iHom(F ,T •). Assume that i  n, and
consider H−iHom(F ,T •). Suppose inductively, that GhdF = 0. So there exists a short exact
sequence
0 →F → L→F ′ → 0
of sheaves, where L is locally free and F ′ ∈ G(X). Since HiHom(L,T •) = 0, for all integers i,
HiHom(F ,T •) ∼=Hi+1Hom(F ′,T •). By continuing in this way, this time for F ′, we can in-
crease the indices of the cohomology up to n + 1, where it is equivalence with the usual Ext.
Now result follows in view of the above remark. Suppose inductively that GhdF > 0. So there
exists an exact sequence
0 →H→ L→F → 0
of sheaves in which L is locally free and GhdH= n− 1. Since for any integer i, Ti ∈ Coh(X)⊥,
we get a short exact sequence of complexes
0 →Hom(F ,T •)→Hom(L,T •)→Hom(H,T •)→ 0.
Taking the associated long exact sequence of cohomology groups, in view of the fact that
H−iHom(L,T •) = 0, for all integers i, implies that H−iHom(F ,T •) ∼=H−i−1Hom(H,T •).
By our induction assumption, H−i−1Hom(H,T •) ∼= Êxti+1(H,K). By the above lemma,
Êxti+1(H,K) ∼= Êxti (F ,K). Therefore H−iHom(F ,T •) ∼= Êxti (F ,K). This complete the in-
ductive step and hence the proof. 
By Theorem 2.2.3, over locally Gorenstein schemes of finite dimensions, in which Coh(X) has
enough locally frees, Gorenstein homological dimension of any coherent sheaf is finite. More-
over, by Proposition 3.2.3, over such schemes every OX-module K has a complete coresolution.
So we have the following corollary.
Corollary 3.2.9. Let X be a locally Gorenstein scheme of finite dimension such that Coh(X) has
enough locally frees. Then for any coherent OX-module F and any OX-module K,
Êxti (F ,K) =H−iHom
(F ,T •),
where T • is a complete coresolution of K.
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homological dimension of F is finite. Then homological dimension of F is finite.
Proof. Since injective dimension ofF is finite, the zero complex can be considered as a complete
coresolution of it. By the above theorem, since Gorenstein homological dimension of F is finite,
H−n
(Hom(F ,0))∼= Êxtn(F ,F),
for any integer n. In particular, Êxt0(F ,F) = 0. The result now follows from Theorem 3.1.6. 
4. Complete cohomology
In this section, we study complete cohomology in the category of sheaves of modules over a
ringed space (X,OX) and compare it with the above theory of Tate cohomology. As application,
we give some criteria for the Gorensteinness of schemes in terms of the vanishing or coherent-
ness of the complete cohomology sheaves. First, we review the construction of the complete
cohomology theory for modules over an associative ring. It will help us in better understanding
the theory for shoves of modules over a ringed space. Moreover, we use these results in proving
our main results.
4.1. Complete cohomology of modules
Let R be an associative ring and let M → I • and N → J • be injective coresolutions of the
(left) R-modules M and N , respectively. For any integer n, let HomR(I •, J •)n denote the abelian
group of all homomorphisms ϕ : I • → J • of degree n. It is isomorphic to∏i∈ZHomR(Ii, Ji+n).
Denote by HomR(I •, J •) the complex of R-modules with HomR(I •, J •)n as nth components
and differentials ∂(ϕ) = ∂Jϕ + (−1)|ϕ|ϕ∂I, where | ϕ | denotes the degree of ϕ. Here we use
subscripts to grade the complexes.
A morphism f ∈ HomR(I •, J •) is called bounded if fi = 0, for all i  0. Let HomR(I •, J •)b













We let H˜omR(M,N) denote the quotient complex HomR(I •, J •)/HomR(I •, J •)b . Now
passing on to cohomology we get the complete cohomology of M and N over R, denoted
e˜xtR(M,N). So, for any integer n, e˜xtnR(M,N) = H−n(H˜omR(I •, J •)).
It is easy to check that e˜xtnR(M,N) is independent of the choice of injective coresolutions of
M and N . In fact, the assignment (M,N) → e˜xtR(M,N) defines a cohomological functor from
C(R), the category of R-modules, to C(Z), contravariant in the first and covariant in the second
variable. For more details, see [N].
Remark 4.1.1. The exact sequence
0 → HomR
(
I •, J •
) → HomR(I •, J •)→ H˜omR(I •, J •)→ 0,b
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· · · → extnR(M,N) → ExtnR(M,N)
βiR(M,N)−→ e˜xtnR(M,N) → extn+1R (M,N) → ·· · ,
where extnR(M,N) is the (−n)th cohomology group of the complex HomR(I •, J •)b .
Remark 4.1.2. Let N be an R-module. By an injective complete coresolution of N we mean an
exact complex T • of injective R-modules, indexed by integers, such that T • coincides with an
injective coresolution of N for n  0 and HomR(J,T •) is exact, for all injective R-modules J .
Now suppose that T • is an injective complete coresolution of N . In [AS], we define a coho-
mology theory by the equality ÊxtnR(M,N) = Hn HomR(M,T •). It is shown that ÊxtnR :C(R) ×
G˜I(R) → C(Z) is a bifunctor, where G˜I(R) denotes the full subcategory of C(R) whose objects
are modules of finite Gorenstein injective dimension. Moreover, there is a morphism of functors
∂nR : Ext
n
R → ÊxtnR such that ÊxtnR and ∂nR are independent of the choice of resolutions and liftings.
When N is a module of finite Gorenstein injective dimension, then there exists a natural
isomorphism of cohomology functors ÊxtnR(M,N) ∼= e˜xtnR(M,N), compatible with the natural
maps from ExtnR(M,N).
4.2. Complete cohomology of sheaves
Let F → I• and G → J • be injective coresolutions of the OX-modules F and G, respec-
tively. Denote by Hom(I•,J •), the complex Hom.
Let Hom(I•,J •) denote the sheaf of complexes of groups defined by
U → HomOX |U
(I•|U ,J •|U ).
Since J • is a complex of injective OX-modules, the induced map Hom(I•,J •) →
Hom(F ,J •) is quasiisomorphism and so for all integers n,
H−n
(Hom(I•,J •))∼=H−n(Hom(F ,J •))= Extn(F ,G).
Note that Hom(I•,J •)n =
∏
i∈ZHom(Ii ,Ji+n). We denote by Hom(I•,J •)b the sub-
sheaf of Hom(I•,J •) whose nth term is (Hom(I•,J •)b)n =
⊕
i∈ZHom(Ii ,Ji+n). We
call Hom(I•,J •)b the subsheaf of bounded morphisms. Finally, we define the subsheaf
Hom(I•,J •)lb of locally bounded morphisms to be a subsheaf consists of locally bounded




(I•|Ui ,J •|Ui )b.
It is clear that if X is noetherian then Hom(I•,J •)lb =Hom(I•,J •)b .
Considering the subsheaf Hom(I•,J •)lb of Hom(I•,J •), set
H˜om(I•,J •)=Hom(I•,J •)/Hom(I•,J •)
lb
,
which is again a complex of OX-modules. Following Vogel, we define the nth complete coho-
mology of F and G over X to be
E˜xtn(F ,G) =H−n
(H˜om(I•,J •)).
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pendent of the choice of injective coresolutions of F and G. In fact, the assignment (F ,G) →
E˜xt(F ,G) defines a cohomological functor, from the category of OX-modules to itself, con-
travariant in F and covariant in G. So we have long exact sequences of E˜xt sheaves associated to
short exact sequences of OX-modules in both variables.
4.2.1. The exact sequence
0 →Hom(I•,J •)
lb
→Hom(I•,J •)→ H˜om(I•,J •)→ 0
of complexes of OX-modules, induces, for any integer n 0, an exact sequence of cohomologi-
cal functors
· · · → Extn(F ,G) → Extn(F ,G) → E˜xtn(F ,G) → Extn+1(F ,G) → ·· · ,
where Extn(F ,G) is the nth cohomology of the complex Hom(I•,J •)lb .
It follows from the definition that if F or G has injective coresolution of finite length, then
E˜xtn(F ,G) = 0, for all n ∈ Z and hence Extn(F ,G) ∼= Extn(F ,G).
Remark 4.2.2. Let X be a noetherian scheme. Assume that F and G are both coherent. Then for
all integers n 0, Extn(F ,G) is coherent. Hence, for each n ∈ Z, E˜xtn(F ,G) is coherent if and
only if Extn+1(F ,G) is coherent.
5. Gorensteinness
5.1. Gorensteinness of local rings
We aim to give a description of Gorenstein local rings in terms of the vanishing of complete
cohomology. From now on, we assume that (R,m) is a commutative noetherian local ring with
residue field k. The results in this subsection, which are of independent interest, will be used in
the next subsection.
Lemma 5.1.1. Let M be an Artinian R-module. If TorRi (M,k) = 0 for all i > dimR, then
fdR M < ∞.
Proof. It is enough to show that TorRi (M,N) = 0 for all i > dimR and for all finite R-module N .
To this end, we use induction on dimN . Suppose first that dimN = 0. So (N), the length of N ,
is finite, say s. We use induction on s, to prove the result in this case. For s = 1, there is nothing
to prove. Let s > 1 and consider the short exact sequence
0 → k → N → L → 0,
where (L) = s − 1. Now long exact sequence of ‘Tor’ modules arising from this short exact
sequence, in view of the induction assumption, implies that TorR(M,N) = 0, for all i > dimR.i
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dimN . Consider the long exact sequence of ‘Tor’ modules arising from the short exact sequence
0 → Γm(N) → N → N/Γm(N) → 0.
Since dimΓm(N) = 0, by induction assumption, TorRi (M,Γm(N)) = 0, for all i > dimR. So for
i > dimR, TorRi (M,N) = 0, if TorRi (M,N/Γm(N)) = 0. Hence, we may (and do) assume that
N is m-torsion-free. So m contains a non-zero divisor r on N . Consider the short exact sequence
0 → N r→ N → N/rN → 0,
to deduce, for any integer i, the exact sequence
TorRi+1(M,N/rN) → TorRi (M,N) r→ TorRi (M,N).
So, by induction assumption, for i > dimR, we get an injection TorRi (M,N)
r→ TorRi (M,N).
But since TorRi (M,N) is Artinian, the dual of Nakayama lemma implies that TorRi (M,N) = 0.
The inductive step and hence the proof is now complete. 
Corollary 5.1.2. Let ExtiR(E(R/m), k) = 0, for all i  0. Then R is Gorenstein.



















we may deduce that TorRi (E(R/m), k) = 0, for all i > dimR. The previous lemma, implies that
fdR E(R/m) < ∞. Hence R is Gorenstein. 
In the following, we shall use D to denote the Matlis dual functor HomR( ,E(R/m)).
Proposition 5.1.3. Let M be a finite and Matlis reflexive R-module. Then for any integer n ∈ Z,












Proof. Let k → J • be an injective coresolution of k and consider a free resolution F • → D(M)





)⊗R F • → HomR(D(F •), J •),
where its image lies in HomR(D(F •), J •)b . Moreover, for each n ∈ Z, we have





































)⊗R F • → HomR(I •, J •)b,
where I • = D(F •) is the injective coresolution of M . Now let P • → E(R/m) be a projective









The last complex is clearly quasiisomorphic to the complex HomR(P •, k) ⊗k (k ⊗R F •). So,
putting together the above results, we get quasiisomorphism
HomR
(






)⊗k (k ⊗R F •).
Now Künneth formula implies the desired isomorphism of k-vector spaces. 
Corollary 5.1.4. Let M be finite and Matlis reflexive. If e˜xtnR(M,k) is finite, for some n ∈ Z, then
either R is Gorenstein or idR M is finite.
Proof. It follows from Remark 4.2.2 and our assumption that extn+1R (M,k) is of finite length.
Hence rankk extn+1R (M,k) is finite. So by the previous proposition, either ExtiR(E(R/m), k) = 0
for i  0 or TorRj (k,D(M)) = 0 for j  0. In the first case, we get fdR E(R/m) < ∞, which
implies that R is Gorenstein, while in the second case, we deduce that fdR D(M) < ∞, which
implies the finiteness of the injective dimension of M . 
In view of the above result and Bass theorem [Mat, Section 18], we can record the following
corollary.
Corollary 5.1.5. A local ring R is Cohen–Macaulay if and only if there exists a finite Matlis
reflexive R-module M such that e˜xtnR(M,k) is finite, for some n ∈ Z.
Following theorem should be compared with [AV, 4.1].
Theorem 5.1.6. For a commutative noetherian local ring R, the following conditions are equiv-
alent.
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(ii) e˜xtnR(M,N) is finite, for all finite modules M and N and all positive integers n.
(iii) e˜xtnR(k, k) is finite, for some integer n.
Proof. (i) ⇒ (ii). Assume that R is Gorenstein. So by Remark 4.2.2, complete cohomology is
isomorphic to the Tate cohomology. The result follows from [AS, 4.8].
(ii) ⇒ (iii). This is trivial.
(iii) ⇒ (i). This follows from Corollary 5.1.4. 
5.2. Gorensteinness of schemes
In this subsection, (X,OX) is a scheme. We aim to establish the fact that complete cohomol-
ogy reflects Gorensteinness of the underlying scheme. We begin by introducing the notion of
locally injective sheaves.
Definition 5.2.1. An OX-module L is called locally injective if X can be covered by open sets
U for which L|U is an injective OX|U -module.
Clearly, injective sheaves are locally injective. Also, if F is locally free and I is an injective
sheaf, then Hom(F ,I) is locally injective OX-module. This follows from [H, III.6.1].
Lemma 5.2.2. Let L be a locally injective module. Then, for any F ∈ Mod(X), Extn(F ,L) = 0,
for all n > 0.
Proof. By [H, III.6.2], for any open subset U of X we have
ExtnX(F ,L)|U ∼= ExtnU (F |U ,L|U).
Now since L is locally injective, there exists a covering of X by open subsets Ui , such that for
each i, L|Ui is an injective OUi -module. Hence for any F ∈ Mod(X), ExtnX(F ,L)|Ui = 0, for all
integers n > 0. This implies that ExtnX(F ,L) = 0, for all n > 0. 
The above lemma shows that locally injective sheaves can be used to compute Ext sheaves.
We shall use this fact latter.
Definition 5.2.3. Let G be anOX-module. We say that G is of finite locally injective dimension if
there exists a covering of X by open subsets U such that G|U , as OX|U -module, has an injective
coresolution of finite length. We denote this by lid(G) < ∞
Theorem 5.2.4. For an OX-module G, the following are equivalent.
(i) lid(G) < ∞.
(ii) E˜xtn( ,G) = 0, for all integers n.
(iii) E˜xtn(G, ) = 0, for all integers n.
(iv) E˜xt0(G,G) = 0.
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F is an arbitrary sheaf. Since lid(G) < ∞, any morphism in Hom(I•,J •) (respectively
Hom(J •,I•)) is locally bounded. This implies that the quotient complex should be zero and
hence E˜xtn(F ,G) = 0 (respectively E˜xtn(G,F) = 0), for all integers n. This implies (i) ⇒ (ii)
and (i) ⇒ (iii).
(ii) ⇒ (iv) and (iii) ⇒ (iv) are trivial.
(iv) ⇒ (i). Since E˜xt0(G,G) = 0, it follows from the exact sequence of 4.2.1 that the morphism
Ext0(G,G) γ¯→ Ext0(G,G)
is surjective. Consider the identity morphism id ∈Hom(G,G)(X). By [H, Ex. II.1.3(a)], there is
a covering {Ui} of X and the elements g¯i ∈H0(Hom(J •,J •)lb)(Ui) such that γ¯ (g¯i ) = id |Ui
for all i. But g¯i = gi + Im ∂¯1, where gi ∈ (Hom(J •|Ui ,J •|Ui )b)0. So for all i, there exists an
integer ji  0 such that (gi)j = 0 for all j < ji . On the other hand, it follows from assumption
that id |Ui − γ (gi) ∈ Im(∂1|Ui ), where
∂1|Ui :Hom
(J •,J •)1(Ui) →Hom
(J •,J •)0(Ui).
So there exists hi ∈ Hom(J •|Ui ,J •|Ui )1 such that ∂1(hi) = id |Ui − γ (gi). Since gi is bounded,
for j  0, (id |Ui − γ (gi))j is the identity on J •|Ui . So for all j  0,
∂
J •|Ui
j+1 (hi)j − (hi)j−1∂
J •|Ui




j = Im ∂
J •|Ui
j+1 . So the map J
J •|Ui
j+1 → Im ∂
J •|Ui
j+1 → 0 splits. Hence Im ∂J
•
j+1|Ui
is injective. This shows that G|Ui has an injective coresolution of finite length. Therefore
lid(G) < ∞. 
Towards the end of this subsection, we consider sheaves in Qco(X), the category of quasi-
coherent sheaves of OX-modules. Moreover, we assume that X is noetherian. We know from
[H, III.3.6] that this category has enough injectives. So we compute all the above three kinds of
cohomology sheaves in Qco(X). In order to avoid any confusion, we denote these new functors
by putting a subscript Q(X) next to them, so we write ExtQ(X), E˜xt1Q(X) and ExtQ(X). Moreover,
locally injective dimension of G in Qco(X) will be denoted by lidQ(X)(G).
Theorem 5.2.5. Let X be a noetherian scheme of finite dimension d . Then the following condi-
tions are equivalent.
(i) X is locally Gorenstein.
(ii) lidQ(X)(OX) < ∞.
(iii) E˜xtnQ(X)( ,OX) = 0, for all integers n.
(iv) E˜xtnQ(X)(OX, ) = 0, for all integers n.
(v) E˜xt0Q(X)(OX,OX) = 0.
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that X is locally Gorenstein and consider a coresolution
0 →OX → I0 → I1 → ·· · → Id−1 → L→ 0
of X in which In, 0  n  d − 1 is injective in Qco(X). Cover X with open affines Ui =
Spec(Ai). For all 0 n d − 1, In|Ui is an injective object in Qco(Ui). Since X is a noetherian
locally Gorenstein scheme of dimension d < ∞, Ai is Gorenstein of injective dimension less
than or equal to d . Assume that Ai → I • is an injective coresolution of Ai of length d . Taking
∼ gives an injective coresolution A˜i → I˜ • of A˜i of length d . This implies that L|Ui is injective
in Qco(Ui). So L is locally injective. Hence lidQ(X)(OX) < ∞.
Now conversely, assume that lidQ(X)(OX) is finite. Consider a cover of X by open affine
subsets Ui = SpecAi , where each Ai is a noetherian ring. To prove (i), we have to show that each
Ai is Gorenstein. Fix i and consider Ai = A. Let I be an arbitrary ideal of A. Let x ∈ U = Ui .
Since lidQ(X)(OX) < ∞, there exists a cover of X by open subsets Vj such thatOX|Vj is of finite
injective dimension. Let Vj be such that x ∈ Vj . Assume that injective dimension of OX|Vj is
less than or equal to d . Hence Extd+1Q(Vj )(I˜ |Vj , A˜|Vj ) = 0. This implies that Extd+1Q(U)(I˜ , A˜)x = 0.
So Extd+1Ax (Ix,Ax) = 0. Since all the ideals of Ax are of the form Ix , we deduce that id(Ax) < ∞.
So Ax is a Gorenstein local ring. But x ∈ U was an arbitrary element, so A is Gorenstein. This
completes the proof. 
The proof of (ii) ⇒ (i) of the above theorem shows that the stalk Ix of any quasi-coherent
injective OX-module over a noetherian scheme of finite dimension is an injective Ox -module.
Corollary 5.2.6. Assume that X is a noetherian scheme of finite dimension. Then X is locally
Gorenstein if and only if lidQ(X)(F) < ∞ for any locally free sheaf F over X.
Proof. The ‘if’ part follows from the above theorem, becauseOX is a free module over itself. So
assume that X is locally Gorenstein and consider a locally free sheaf F on X. Let F → I• be an
injective coresolution of F in Qco(X) and let L be its d th cosyzygy, where d = dim(X). Cover
X with open affines Ui = SpecAi . So Ai is Gorenstein ring and A˜i =OX|Ui . We show that L
is locally injective. To this end, consider an open cover Vj of X such that F |Vj =
⊕OX|Vj .
Now
⊕OX|Ui =⊕ A˜i is of finite injective dimension at most d . Hence ⊕OX|Ui∩Vj also has
a coresolution by injective sheaves of finite length. So L|Ui∩Vj is injective OX|Ui∩Vj -module.
Since Ui ∩ Vj provide an open cover of X, L is locally injective. Hence lidQ(X)(F) < ∞. 
A scheme X is called locally Cohen–Macaulay if its local rings all are Cohen–Macaulay local
rings.
Corollary 5.2.7. Let X be a noetherian scheme and F be a coherent OX-module with
SuppF = X. If lidQ(X)(F) < ∞, then X is locally Cohen–Macaulay.
Proof. (ii) ⇒ (i). Since lidQ(X)(F) < ∞, for any x ∈ X, idOX,x Fx < ∞. Hence, by [Mat, The-
orem 18.9], OX,x is a Cohen–Macaulay local ring. So X is locally Cohen–Macaulay. 
In the following, we aim to show that over noetherian Gorenstein schemes, complete coho-
mology modules can be computed using certain complete coresolutions of objects in the second
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rings, see [Mart, 2.1]. We preface the theorem with a definition.
Definition 5.2.8. Let F ∈ Qco(X). By a complete coresolution of F we mean an exact sequence
of locally injective sheaves which agrees with an injective coresolution of F in degrees small
enough.
Theorem 5.2.9. Let X be a noetherian locally Gorenstein scheme of dimension d . Assume that
F is an OX-module admitting a resolution by locally free sheaves. Then F has a complete
coresolution.
Proof. Let · · · →F1 →F0 →F → 0 be a resolution of F by locally free OX-modules and let,
for any integer n, Fn → I•n be an injective coresolution of Fn in Qco(X). Moreover, consider an
injective coresolution F → I• of F . Putting these together, using the same argument as in the
proof of Theorem 3.2.3, we get an exact sequence
· · · → Ln → ·· · → L1 → L0 → Id → Id+1 → ·· · ,
in which Ln, for any integer n, is the d th cosyzygy of Fn. By Corollary 5.2.6, Ln, for any
integer n, is locally injective. Hence the above resolution is a complete coresolution of F . 
Lemma 5.2.10. Let X be a noetherian locally Gorenstein scheme of dimension d . Then for any
quasi-coherent sheaf F and any quasi-coherent injective sheaf I , ExtnQ(X)(I,F) = 0, for all
n > d .
Proof. Cover X with open affine subsets U = Spec(A), where A is a commutative noetherian
ring. Since X is locally Gorenstein, A is a Gorenstein ring of dimension less than or equal to d .
We show that ExtnQ(X)(I,F)|U = ExtnQ(U)(I|U ,F |U) vanishes for all n > d .
Since I|U is an injective module over OU = A˜, it is of the form I˜ , where I is an injective A-
module. But the Gorensteinness of A implies that projective dimension of I is finite. Therefore,
I˜ is of homological dimension less than or equal to d . So ExtnQ(U)(I|U ,F |U) = 0, for all n > d .
This implies the result. 
Theorem 5.2.11. Let X be a noetherian Gorenstein scheme of dimension d and F and G be
quasi-coherent OX-modules. Let L• be a complete coresolution of G. Then for any integer n,
E˜xtnQ(X)(F ,G) ∼=H−nHom
(F ,L•).
Proof. Consider a complete coresolution
L•: · · · → L1 ∂1→ L0 ∂0→ L−1 → ·· ·
of locally injective OX-modules of G. For an arbitrary integer n, set K := Ker ∂n. In view of
Lemma 5.2.2, the resolution 0 → K → Ln → Ln−1 → Ln−2 → ·· · can be used to compute
Ext∗Q(X)( ,K). On the other hand, by the above lemma, for all j > d and for any quasi-coherent
injective sheaf I , Extj (I,K) =H−jHom(I,L• ) = 0. Since n is an arbitrary integer, thisQ(X) n
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coherent injective sheaves,
0 →F → E0 → E1 → E2 → ·· · .
The exactness of the resolution L• under the functor Hom(Ej , ) in view of the definition of
ExtiQ(X)(F ,K), implies easily that Ext
i
Q(X)(F ,K) = 0, for all i > 0. So E˜xtiQ(X)(F ,K) ∼=
ExtiQ(X)(F ,K), for all i > 0 and all sheaves of the form K := Ker∂n. Now fix n ∈ Z and let
p  n be such that Li is equal to Ii , for i < p, where G → I• is an injective coresolution of G.
Consider the sequences
0 → G → I0 → I−1 → ·· · → Ip−1 → L→ 0
and
0 →K→ Ln → Ln−1 → Ln−1 → ·· · → Lp−1 → L→ 0.
From the first resolution it follows, by splitting it to short exact sequences, that E˜xtnQ(X)(F ,G) ∼=
E˜xtn−pQ(X)(F ,L). From the second resolution we get E˜xtn−p(F ,L) ∼= E˜xt1(F ,K). But
E˜xt1Q(X)(F ,K) ∼= Ext1Q(X)(F ,K) ∼=H−1Hom
(F ,L•n
)∼=H−nHom(F ,L•).
The result hence follows. 
In our next result, we compare Tate cohomology and complete cohomology sheaves over
locally Gorenstein schemes.
Theorem 5.2.12. Let X be a noetherian locally Gorenstein scheme of finite dimension. Then for
any sheaves F and K that admit locally free resolutions,
E˜xtiQ(X)(F ,K) ∼= Êxti (F ,K),
for all integers i. Conversely, if X is locally noetherian scheme such that for any coherent sheaves
F of finite Gorenstein homological dimension, and any coherent sheaf K that admits a locally
free resolution, E˜xtiQ(X)(F ,K) ∼= Êxti (F ,K), then X is locally Gorenstein.
Proof. By Lemma 5.2.2, locally injective sheaves are in Coh(X)⊥. So a complete coreso-
lution of K is in fact a Coh(X)⊥-complete coresolution. The result now follows from the
above theorem and Theorem 3.2.8. For the converse note that OX satisfies the conditions
and so E˜xtiQ(X)(OX,OX) ∼= Êxti (OX,OX). But Êxti (OX,OX) = 0. So, by Theorem 5.2.5,
lidOX OX < ∞. Hence X is locally Gorenstein. 
Corollary 5.2.13. Let X be a noetherian locally Gorenstein scheme of finite dimension and F
and G be coherent sheaves. Then, for all integers n, E˜xtnQ(X)(F ,G) is coherent. Conversely, if
E˜xtn(F ,G) is coherent, for some integer n and all coherent sheaves F and G, then X is locally
Gorenstein.
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Cover X with open affines Ui = Spec(Ai). So, for any integer i, F |Ui and G|Ui admit locally
free resolutions. Hence by the above theorem,
E˜xtnQ(Ui)(F |Ui ,G|Ui ) ∼= Êxt
n
(F |Ui ,G|Ui ).
But it follows from the construction of the latter sheaf that, it is coherent. This implies the proof of
the first part. For the converse, assume that E˜xtn(F ,G) is coherent, for some integer n and some
coherent sheaves F and G. Again consider a covering of X by open affine subsets U = Spec(A).
For any x ∈ X, consider the coherent sheaf A˜x/xAx on U . By [H, II.Ex. 5.15], there is a coherent
sheaf F on X such that F |U ∼= A˜x/xAx . By assumption
E˜xtn(F ,F)|U ∼= E˜xtn(A˜x/xAx, A˜x/xAx) ∼= e˜xtn(Ax/xAx,Ax/xAx)∼
is coherent. So e˜xtn(Ax/xAx,Ax/xAx) is finitely generated. Hence, by Theorem 5.1.6, Ax is
Gorenstein local ring. Therefore X is locally Gorenstein. 
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